Dario Trinchero 20854714@sun.ac.za

COMPUTING @I
BY COLLAPSING

...0or, MEASUREMENT-BASED QUANTUM COMPUTING
& the stunning efficiency of GRAPHICAL cALcuLI

[

Stellenbosch University

April 2022 Ve
'2291/5«

G

=

@
7
d



N
IN]

Inspiration

Universal MBQC with generalised parity-phase inter-
actions and Pauli measurements

Aleks Kissinger and John van de Wetering

Radboud University Nijmegen
April 17, 2019

ion which are deterministic and approximately universal. The resource
s which play the role of graph states are prepared via 2-qubit gates of
the form exp(~iZZ @ Z). When n = 2, th uivalent, up to local
Clifford unitaries, to graph states. However, when n > 2, their behaviour di-
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QuBIT state — v = [g} €C’ o+ 8P =1

Single-qubit cate  — M= {Z f\/] €U(2), ie. M =M
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Crash Course in Quantum Computing

QuBIT state — v = [g} €C’ o+ 8P =1

Single-qubit cate  — M= L’j z)\/] €U(2), ie. M =M

oo _fo 1 L A
ew  z=|y O x= [0l me ]

N-queiT state/gate  — v € (C2)®N =¥, Me U((2Y)

e.g. CZ =

S O O =
S = O O
S O O =

e



Crash Course in Quantum Computing

Sidenote (Tensor product)

0 ary
. a} @ {'y _ @ {5] _|aé
18 d] 57 By
) B
|:V11 V12] |:V11 V12]
_ . uqq unp
uppr Ui Vi Viz Var Va2 Va1 Va2
] [029] =
[U21 U] [V21 sz] u Vi V12 u Vi Vi2
2 Vo1 V2 2 Vo1 Va2
m Hence, M; ® My(u ® v) = (Miu) ® (Myv)
2\QN .__ _ 1 0 ~ 2N
m (C)®V =spanc{vi®@ - Qv, |V = ol |1 =C
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MEASUREMENT of qubit v in basis {eg, e1}:
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2 Crash Course in Quantum Computing

MEeASUREMENT of qubit v in basis {eg, e }:

Possible outcomes: b € {0,1}
Possible bases:

1 “ el
{zo = [ ] ,Z1 = {ﬂ} measure Z

11 1 1 « X
Xo = > 11 ’X17\/§ 1 measure

(=]
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Crash Course in Quantum Computing

MEeASUREMENT of qubit v in basis {eg, e }:

Possible outcomes: b € {0,1}
Possible bases:

1 1 1 1 {3 gbl
Xg = — X1 = — measure X
{ 2 [1] 2 LJ}

2
/ =0
mv=ae +feg = p(b)—{oz| b_

“measure Z”

Il
| —
S -
—_

N

Il
| ———

- o

| IS
——

ezt by @alllpsiing



M Crash Course in Quantum Computing

MEeASUREMENT of qubit v in basis {eg, e }:

Possible outcomes: b € {0,1}
Possible bases:

1 0 « »
{zo = [O] ,Z1 = {J} measure Z
11 1 1 « X

Xo = 73 s X1 > =1 measure

2
/ =0
mv=ae +feg = p(b)—{oz| b

0 e
m Outcome b = {1 = COLLAPSE to { 0
e

ezt by @alllpsiing



Crash Course in Quantum Computing

MEeASUREMENT of qubit v in basis {eg, e1}:

Possible outcomes: b € {0,1}

Possible bases:
] H } ; .
, Z1 1 measure Z

{a

o 1 1 o 1 1 « X
Xo = —= X1 = —= measure
0 \/E 1 )y A1 \/i -1

More generally:

I
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MEeASUREMENT of qubit v in basis {eg, e1}:

Possible outcomes: b € {0,1}
Possible bases:

{zo = [(1)] ,Z) = {ﬂ} “measure Z”

1 1 . 1 1 ({3 X”
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Crash Course in Quantum Computing

MEeASUREMENT of qubit v in basis {eg, e1}:

Possible outcomes: b € {0,1}
Possible bases:

{zo = [(1)] ,Z) = {ﬂ} “measure Z”

1 1 . 1 1 ({3 X”
Xo = —F—= X1 = —= measure
T2 T 2

More generally:

m p(b) = vibw, Po= ebez,

m Outcome b = collapse to ——P,v

\/p(b)

= Queit min N-queit state — P\ = 12771 @ p, @ (BN

e



&8l Universal Computation

Theorem (Universal gates)

The following gates are UNIVERSAL:

1T 1

H::\%L —1

], CZ =
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Measurement-Based Quantum Computing

The central idea

4/22

Computation in MBQC:
Start with fixed N-qubit RESOURCE STATE

Perform sequence of SINGLE-QUBIT measurements
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Computation in MBQC:
Start with fixed N-qubit RESOURCE STATE

Perform sequence of SINGLE-QUBIT measurements
The ALGORITHM comprises:

ORDER of measurements
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Measurement-Based Quantum Computing &gl

The central idea

4/22

Computation in MBQC:
Start with fixed N-qubit RESOURCE STATE

Perform sequence of SINGLE-QUBIT measurements

The ALGORITHM comprises:
ORDER of measurements
BAsIs (Z or X) for each measurement

Question: Measurements are destructive & non-deterministic.
Can we realize deterministic quantum algorithms?
Yes, with FEED-FORWARD.

@zt by @il



The Resource State

B PARITY-PHASE gate  —  P(a) =exp [-i2 Z ® Z]
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The Resource State

B PARITY-PHASE gate  —  P(a) =exp [-i2 Z ® Z]

m RESOURCE STATE —  multigraph

[ J
_ qubit, initially xq
e.g. PY .//
[ J [ ]
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The Resource State &%]

B PARITY-PHASE gate  —  P(a) =exp [-i2 Z ® Z]

m RESOURCE STATE —  multigraph

_ qubit, initially xq
S, P(r/4
o P/

s
s
s

e.g.
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The Resource State

B PARITY-PHASE gate  —  P(a) =exp [-i2 Z ® Z]

m RESOURCE STATE —  multigraph

L P(m/4)? = P(7/2)
/// _-qubit, initially xo

e.g. "o P(m/4)
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Rl The Algorithms
Measurement patterns

Representation Execution

Label vertices with expressions B ToPoLOGICAL-SORT dependencies
Ap+1 <— gb(a], sy an),

for

m outcomes a; € {0, 1}

m classical function ¢

e« b+c
e.g. c<~10——@ d<a
a+ 0 @———@ h 1
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Rl The Algorithms
Measurement patterns

Representation Execution
Label vertices with expressions B ToPoLOGICAL-SORT dependencies
For each qubit, measure
Ap+1 <— gb(a], sy an),
X ¢lay,...,a,) =0
for Z otherwi
m outcomes a; € {0, 1} otherwise
m classical function ¢ This is FEED-FORWARD
e« b+c
e_g_ C 1 —————@ d —a
a+ 0 @———@ h 1
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Rl The Algorithms
Measurement patterns

Representation

Label vertices with expressions

Ap+1 <— gb(a], sy an),

for
m outcomes a; € {0, 1}

m classical function ¢

e« b+c
e.g. c<~10——@ d<a
a+ 0 @———@ h 1

ezt by @il

Execution
H ToroLocicAL-SORT dependencies

For each qubit, measure

X ¢lay,...,a,) =0
Z otherwise

This is FEED-FORWARD

Store outcome in a1

Question: Can we decompose an

algorithm into “gates”?



The “Gates”

a.k.a. Pattern fragments

A PATTERN FRAGMENT implementing gate G has:
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S The “Gates”
a.k.a. Pattern fragments

A PATTERN FRAGMENT implementing gate G has:

Inputs

m label:  (x,z) + *

m INITIAL STATE:  X¥XZ%v
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«
S The “Gates”
a.k.a. Pattern fragments

A PATTERN FRAGMENT implementing gate G has:

Inputs Outputs
m label:  (x,z) + * m label: * «+ (£,¢)
m INITIAL STATE:  X¥XZ%v m FINAL STATE:  X$Z¢ Gv
A+ 4

incoming/outgoing
errors

@zt by @il

D



«
S The “Gates”
a.k.a. Pattern fragments

A PATTERN FRAGMENT implementing gate G has:

Inputs Outputs
m label:  (x,z) + * m label: * «+ (£,¢)
m INITIAL STATE:  X¥XZ%v m FINAL STATE:  X$Z¢ Gv

® < (d+2z,x)

e.g. C4++— X @———— d<_b+z

(x,2) +*x;a+< 0@ b+ 1

@zt by @il

M)



«
S The “Gates”
a.k.a. Pattern fragments

A PATTERN FRAGMENT implementing gate G has:

Inputs Outputs
m label:  (x,z) + * m label: * «+ (£,¢)
m INITIAL STATE:  X¥XZ%v m FINAL STATE:  X$Z¢ Gv

® < (d+2z,x)-_
"=~ _ can depend on inputs
_~ & (other) outcomes

-

e.g. C4++— X @———— d<—b+2/

(x,2) +*x;a+< 0@ b+ 1

@zt by @il
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M Universality of MBQC

Claim
There are pattern fragments for {H, T,CZ}:
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Universality of MBQC

Claim
There are pattern fragments for {H, T,CZ}:

—(§,0) @——®@e<+ 0

c+—00——@ d + 1
H= ‘

(x,2) <% a< 00—@ph<0

E=a+b+c+d+z+1
where
(=c+d+et+x+1

ety by @il



Universality of MBQC

Claim
There are pattern fragments for {H, T,CZ}:

x— (§,) @—®@ e+ b+ x

C%OT.d(—O

(x,2) «~ xa< 00—@p < 1

E=c+d+z+1
where
(=at+c+d+et+x+&-(b+2)

ety by @il



Universality of MBQC

Claim
There are pattern fragments for {H, T,CZ}:

k4 (&,G) @ (x1,71) ¢ =

b+ 0@—@a+ 1
CZ= ‘
k4 (£,0) 0 (x2,2) ¢ *

§i=x
where § (; =a+ b+ 1+ 271+ x,
G=a+b+1+2+x

ety by @il



Universality of MBQC

Claim
There are pattern fragments for {H, T,CZ}:

k4 (&,G) @ (x1,71) ¢ =

b+ 0@—@a+ 1
CZ= ‘
k4 (£,0) 0 (x2,2) ¢ *

§i=x
where § (; =a+ b+ 1+ 271+ x,
G=a+b+1+2+x

We will now prove this.

@ity by @il
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P Introducing ZX-notation
Meet the spiders

Z"(a) = m n
=2,"(2))"" + € 2"(2])"",
X"(a) =m

ezt by @il
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P Introducing ZX-notation
Meet the spiders

Z" () :

I
3

=2,"(2))"" + € 2"(2])"",

They compose HORIZONTALLY & VERTICALLY.

ezt by @il
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States & Gates in ZX-notation

...and the ambiguous flow of time

Ignoring constants,

B STATES: zp = @ , Xp =

ety by @alllpsiing
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...and the ambiguous flow of time

Ignoring constants,

W STATES: z, = @ , Xp =

B GATES:

- . x-
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...and the ambiguous flow of time

Ignoring constants,

B STATES: z, =

B GATES:

- . x-
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States & Gates in ZX-notation &gl
...and the ambiguous flow of time

Ignoring constants,

B STATES: z, =

'
6

B GATES:

CX =

ety by @alllpsiing
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Ignoring constants,

B STATES: z, =
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B GATES:
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States & Gates in ZX-notation

...and the ambiguous flow of time

Ignoring constants,

B STATES: z, =

'
6

B GATES:
P . X

H

G

ety by @alllpsiing
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Introducing ZX-Calculus

Dance of the spiders
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Introducing ZX-Calculus &gl

Dance of the spiders

—~
~.
~

m (h)&(v) = coLour-iNvERsIONS of all rules

@it by @il



W Introducing ZX-Calculus
Dance of the spiders

(h
v
o 0

m (h)&(v) = coLour-iNvERsIONS of all rules

B ONLY TOPOLOGY MATTERS

@it by @il
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“Only Topology Matters”

m BELL STATE: (( (
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“Only Topology Matters”

I S T
D= )

m BELL EFFECT:
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“Only Topology Matters”

I S T
D= )

m BELL EFFECT:

m YANKING IDENTITY:

@zt by @il
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“Only Topology Matters”

Cups/caps can:

convert INPUTS <— OUTPUTS:

@zt by @il
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“Only Topology Matters”

Cups/caps can:

convert INPUTS <— OUTPUTS:

/

(

B
5

4

s
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“Only Topology Matters”

Cups/caps can:

define ROTATIONS:

/
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“Only Topology Matters”

Cups/caps can:

define ROTATIONS:

A
(
{ ~,

a.k.a. TRANSPOSE

ezt by @il
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“Only Topology Matters”

Geometric operations:

sty by @il

D



“Only Topology Matters”

Geometric operations:

sty by @il

D



“Only Topology Matters”

Geometric operations:

sty by @il

D



“Only Topology Matters”

Geometric operations:
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“Only Topology Matters”

Geometric operations:

sty by @il

D



“Only Topology Matters”

Cups/caps can:

BEND spider legs:

ezt by @alllpsiing
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“Only Topology Matters” &g

Cups/caps can:

BEND spider legs:

=—>  we can “REORDER” connected spiders!

ezt by @alllpsiing



The Power of Pictures
Can we do everything in ZX-Calculus?
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M The Power of Pictures
Can we do everything in ZX-Calculus?

Theorem (Universality of ZX-notation)

pure states
All | quantum gates | can be expressed in ZX-notation.
measurements

quantum
circuits

Indeed, { } C | ZX-diagrams
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M The Power of Pictures {
Can we do everything in ZX-Calculus?

Theorem (Universality of ZX-notation)
pure states

All | quantum gates | can be expressed in ZX-notation.
measurements

Indeed, {qu.antym} C | ZX-diagrams
circuits

Theorem (Soundness of ZX-Calculus)

diagram A matrix A
ZX-calculus E =
diagram B matrix B
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M The Power of Pictures {
Can we do everything in ZX-Calculus?

Theorem (Universality of ZX-notation)
pure states

All | quantum gates | can be expressed in ZX-notation.
measurements

circuits

Indeed, {quantum} C { ZX—diagrams}f

Theorem (Soundness & Completeness of ZX-Calculus)

diagram A matrix A
ZX-calculus™ — =
diagram B matrix B

ezt by @alllpsiing
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Parity-Phase Gate in ZX-notation

P(a) == exp [—i% Z® Z} =e %

S O O =
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LM Parity-Phase Gate in ZX-notation

1 0
_ el _ iz |0 e
P(a) == exp [—IE ZQ® Z} =e 0 0
0 0
1 0 0 0
0 €* 0 0 1
=CX 1y 0 1 o|CX=Cx [O
0 0 0 €@

e

0 0
0 0
1o 0
0 1
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LM Parity-Phase Gate in ZX-notation

1 0
_ el _ iz |0 e
P(a) == exp [—IE ZQ® Z} =e 0 0
0 0

1 0 0 0
0 €* 0 0 1
=CX 1y 0 1 o|CX=Cx [O

0 0 0 €@

ezt by @il
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Parity-Phase Gate in ZX-notation

Coming up:

ezt by @il
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Coming up:
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LM Parity-Phase Gate in ZX-notation

Coming up:
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LM Parity-Phase Gate in ZX-notation

Coming up:
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Parity-Phase Gate in ZX-notation

Coming up:
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LM Parity-Phase Gate in ZX-notation
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LM Parity-Phase Gate in ZX-notation

P(a) = CX (18 Z)(a)) CX

ezt by @il



(EM Pattern Fragments in ZX-notation

W VERTICES — Xg = O/
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Pattern Fragments in ZX-notation w

W VERTICES — Xg = O/

m EDGES — P(a) = () , for a=

INFI
R
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(EM Pattern Fragments in ZX-notation

W VERTICES — Xg = O/
m EDGES — Pla)=~ ()
O : O
1
|
'I‘ \
® MEASUREMENTS — zy ="~

@it by @il
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(EM Pattern Fragments in ZX-notation

W VERTICES — Xg = O/

m EDGES — P(a) = @

B MEASUREMENTS — zZ = @,

® ERRORS — X*Z% =

ezt by @l
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Algorithms in ZX-notation

Worked example

16/22

— (& CQ)e—ee«—0

c+—00——@ d «+ 1
H= H

(x,2) % a< 00—@pH< 0

E=a+b+c+d+z+1
where
(=c+d+e+x+1

ezt by @il



Algorithms in ZX-notation

Worked example

# 4 (£.0) O———=0¢e+0

c+0

iy
Il

(x,2) < %a0O0——Ob+0

ezt by @il
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N Algorithms in ZX-notation
Worked example

outgf\:Oe%O

c+0

iy
Il

a<+0C Ob<+0

hide incoming errors for now...

ezt by @il
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N Algorithms in ZX-notation
Worked example

out

4~ 00O——0d <+ 1

T
Il

a<0 b+ 0
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Algorithms in ZX-notation &gl
Worked example

out

c+0C

iy

Il
O
®

a<0 b+ 0
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N Algorithms in ZX-notation
Worked example

out

®
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N Algorithms in ZX-notation
Worked example

out

Y
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N Algorithms in ZX-notation
Worked example

out —O

6

ezt by @il
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N Algorithms in ZX-notation
Worked example

out

T
Il
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Checking Algorithms with ZX-Calculus

Worked example

out

Comingup: (f), (c)"
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Checking Algorithms with ZX-Calculus

Worked example

out

Comingup: (f),(c)"
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Checking Algorithms with ZX-Calculus

Worked example

out

Coming up: (f), (), ditch constants

ety by @il
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Checking Algorithms with ZX-Calculus

Worked example

out

=(c+d+1)m —

Coming up: (), (h), mod 2 trick

ezt by @il

Note, cmr 4 (—1)7Z
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Checking Algorithms with ZX-Calculus

Worked example

Comingup: (f),(f) + (¢)

ezt by @il
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Checking Algorithms with ZX-Calculus

Worked example

Coming up:  (f)

ety by @il
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Checking Algorithms with ZX-Calculus

Worked example

|-~

Coming up: (7), mod 2 trick

ety by @il
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Checking Algorithms with ZX-Calculus

Worked example

out

c+d+e+ N7

|-~

ety by @il
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Worked example

RN

ety by @il

Checking Algorithms with ZX-Calculus

out

(incoming errors reintroduced)
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Other Universal Gates

Not-so-worked examples
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x <+ (§,() @—@ e+ b+ x

c—00——@ d «— 0
T= H

(x,2) < *;a< 00— h+ 1

E=c+d+z+1
where
(=a+ct+d+et+x+&-(b+2)

ezt by @il
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Other Universal Gates

Not-so-worked examples

x4+ (£,() O——=—0 e+ b+x

c+—00———=0d+0

(X72)<—*:a<—0b—0' b+ 1
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Other Universal Gates

Not-so-worked examples
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Not-so-worked examples

* 4 (&1,¢1) @ (x9,27) < *

b+ 0@—@a< 1
cz

x < (£,0) ® (x0,22) + %

&= X

where ¢ (;

—a+b+1+2z1+x
C2:a+b—|—1—|—zz—|—x1
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Automating ZX-Calculus \

In [4]: ¢ = zx.Circuit(3)
.add_gate("TOF"

1,2)
C to_basic_gates()-to_graph()

In [6]: e = zx.editor.edit(g)

/4 /4

7n/a /4 /4 /4

Vertex type: Z | Edge type: R
fuse spiders | change colortoZ | change color to X | remove identity | Add Z identity | Convert H-box | copy O/pi spider | push Pauli | biaigebra
Hadamard | local pivot

[ save snapshot | Load in Tikzit |

Figure: PyZX

Computing by Collapsing



Automating ZX-Calculus

800

File Edit_Derive Window
I3 aderive-sample-master
o Caxioms

o (] derivations

¢ Cgraphs

sample.agraph *

) rotate_ins.agraph
) sample.agraph
[0 steane-decode.agraph
0 steane-enc-dec.agraph
[ steane-encode.qgraph
[ threegates.agraph

o simprocs

o theorems

Core statws: OK

Figure: Quantomatic

Computing by Collapsing
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