
 Quaternions and 3D Rotations Talk by Dario
4 dimensional number system
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William Hamilton asked How does one multiply
and divide numbers in 3D space

We know how to do this in 2D

e g T.EE Zizz 1 21 2 21

2 41 Zi 4C i
2 6144

21 1 2 2 61

II E i

An analogue for 3D does not exist

Proved by Frobenius in 1877 Rn can

only be equipped with a product which

supports division if one of the following are

true
n I R the real numbers

n 2 the complex numbers
n 4 II the quaternions

Quoteby Hamilton Andheredawnedon me thenotion that we
must admit in somesense a fourthdimensionof space for the
purpose of calculating with triples An electric circuit seemed to
close and a spark flashed forth



useful in Physics Boons

ftp.fearonswhenftney
rotate we

use quaternions to describe

these rotations

1 Rotations in 2D
counterclockwise

Imagine rotating a shape in 2D by angle
0
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We have two questions
How do we calculate where each

point is mapped
What does the space of rotations look

like

We have two spaces here
1 Space of rotations 2 space being rotated

each point
R2r here

50127 is a function r R a



Every 20 rotation is described by one

number Of 0,21T
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so we glue the ends of the interval

we get
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But 5012 also has an algebraic structure

TO to Foto mod zit 0,6 Oto mod2H

on the level of
50127 5012 5012

maps R R

These operations make 5012 as well as the
collection re R R OESOC into an

algebraic structure called a Group
set with binary operation

such that there is an identity



element inverses to each element
This answers We and the binary operation is
now look at associative

Let's calculate rocking
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Transformations on 2D space can get messy
as seen above

But Linear Transformations keep our grid lines
parallel and equally spaced e.g
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we only need to know where the transformation
sends x ̅ and if to be able to describe the
entire transformation



This information can be encoded in a matrix
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Rotations are linear transformations

The matrix corresponding to rotation by 0 is

COSO sino

sino coso

But another way
embed 5062 as a circle in the complex

plane
Ima A point ZE 5012 has

complex coordinates
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So

ZoZp Coso isino cost tisino
cos cost sinosino i Sinocoso coso sino
COSCO to isincoto Zoto



embed 1122 also in

x y acting

Then the action of ro on Cary is ALSO just
complex multiplication

relay coso isino acting
x coso ysino icosino tycoso

COSO sino

sino cosoll I 4
ecoso ysino
asino ycoso

The complex numbers miraculously capture
rotations in 2D
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This situation is slightly nicer than in

3D but the following will hold

we think of R as living in II as
well as 5013 the space of 3D
rotations


