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Motivation & Goal
A lofty question

Question:
Can the structure of spacetime at smallest length scale affect the

physics we perceive at larger length scales (i.e. classical physics)?
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2/30
Motivation & Goal
A concrete investigation

Our investigation:
Study double-pinhole setup in the 3D fuzzy space formlism of

non-commutative quantum mechanics.

Non-commutative?
i.e. [x̂i, x̂j] ̸= 0

Consequences:

Uncertainty relation −→ σx̂iσx̂j ≥ 1

2
|⟨[x̂i, x̂j]⟩|

No localised states (position eigenstates)

Minimum length scale ←− set by a parameter λ

Otherwise ordinary quantum mechanics !
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Motivation & Goal
Why this particular investigation?

Why non-commutative geometry?

Doplicher et al. (1995):

Non-trivial small-scale spacetime structure (esp. min length)

likely necessary for QM + gravity

NC geometry arises from limits of string theories

May explain quantum-to-classical transition ←− decoherence without

heat bath !

Why pinhole interference?

Illustrative toy model ←− quantum behaviour = interference

Quantifiable suppression strength

Good setup for experimental testing
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4/30
Quantum-to-Classical Transition
Existing work in lower dimensions

Pittaway & Scholtz (2021)
2-slits in non-commutative 2D Moyal plane

Interference suppression at:

■ large momentum, k

■ large particle number, N
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Quantum-to-Classical Transition
Existing work in lower dimensions

Why redo calculation in 3D?

Check non-commutativity is key ingredient

Investigate suppression strength scaling in 3D ←− we live in 3D !

relevant system parameters?

critical values of those parameters?

Moyal plane interference pattern:

is asymmetric under reflection ←− ∵Moyal commutation relations

break rotational symmetry

has unobservable suppression
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Quantum-to-Classical Transition
Why Moyal plane suppression is unobservable

Moyal plane interference

P(D) = 1+ exp

[
−Nθm2

2ℏ2
v2(1− cosα)

]
︸ ︷︷ ︸

interference suppression

cos

(
· · ·

)
︸ ︷︷ ︸
interference

Observable suppression =⇒ Nθm2

2ℏ2
v2 ≳ 1

m ∼ 10
−31

kg ←− mass of proton√
θ ∼ 10

−35
m ←− Planck length

N ∼ 10
23 ←− Avogadro’s number

 =⇒ ∥v∥ ≳ 10
16

ms
−1 !
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The Formalism
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6/30 Fuzzy Space

Definition (Fuzzy space)
1 su(2) algebra −→ [x̂i, x̂j] = 2iλ ϵijk x̂k

2 Representation:

configuration space −→ Hc := span {|n1, n2⟩ : n1, n2 ∈ N}

algebra homomorphism −→ x̂i 7→ λ a†µσ
i
µνaν

3 Radius operator −→ r̂ = λ(n̂+ 1)
i.e. r̂ |n1, n2⟩ = λ(n1 + n2 + 1)

Hc is an onion
Decompose into irreps:

Hc =
⊕
n∈N

[n], for [n] := span {|n1, n2⟩ ∈ Hc : n1 + n2 = n}

=⇒ 1 copy of each quantised radius
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7/30
Quantum States
A Hilbert space like any other

Definition (Quantum state space)
1 Hilbert space

−→ Hq :=

{
operators onHc

generated by x̂i

}
=span

{
|m1,m2⟩⟨n1, n2| : n1 + n2 = m1 +m2

}

2 Quantum states −→ | · )

3 Inner product −→ (ψ|ϕ) := 4πλ2 Trc
(
ψ† r̂ ϕ

)

so

∥∥∥ ˆProj[1]⊕···⊕[N]

∥∥∥
∼ 4

3
π [λ(N + 1)]3
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8/30
Observables
Just like normal QM

Definition (Observables)
Hermitian operators onHq

Important observables
Position −→ X̂i |ψ) := |x̂iψ) , R̂ |ψ) := |r̂ψ) ←− like normal QM

Angular momentum −→ L̂i |ψ) :=
∣∣∣∣ ℏ
2λ

[x̂i, ψ]
)

Laplacian −→ ∆̂ |ψ) := −
∣∣∣∣ 1λr̂ [a†α, [aα, ψ]]

)

Hamiltonian −→ Ĥ = − ℏ2

2m
∆̂ + V (R̂) ←− like normal QM
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Angular momentum −→ L̂i |ψ) :=
∣∣∣∣ ℏ
2λ

[x̂i, ψ]
)

Laplacian −→ ∆̂ |ψ) := −
∣∣∣∣ 1λr̂ [a†α, [aα, ψ]]

)

Hamiltonian −→ Ĥ = − ℏ2

2m
∆̂ + V (R̂) ←− like normal QM
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9/30 Physical Subspace

Physical subspace

Hq =
⊕
n∈N

[n]⊗ [n]∗︸ ︷︷ ︸
physical subspace

⊂ Hc ⊗H∗c︸ ︷︷ ︸
larger space

of operators

[n] := span {|n1, n2⟩ ∈ Hc : n1 + n2 = n}

Projection ontoHq

1 Conserved observable −→ Γ̂ |ψ) := |[n̂, ψ])

2 Kernel −→ Hq = ker Γ̂

3 Projection −→ Q̂ :=
1

2π

∫
2π

0

eiϕΓ̂ dϕ
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10/30
Position Measurement
. . . as a POVM

Definition (Position measurement)
1 Position eigenstates −→ minimum-uncertainty states

|z⟩ := e−
1

2
z̄αzαezαa†α |0⟩ , for

z := eiγ
√

r
λ

[
cos

(
θ
2

)
e−i

ϕ
2

sin
(
θ
2

)
ei

ϕ
2

]
∈ C2 ←− encodes D = (r, θ, ϕ)

2 POVM

−→ |z1, z2, n1, n2)ph := Q̂
1√

4πλ2r̂
|z⟩⟨n1, n2|

−→ Π̂z :=
∑
n1,n2

|z1, z2, n1, n2)ph ph
(z1, z2, n1, n2|,

3 Born rule −→ P(D) = Trq
(
Π̂zρ

)
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11/30
Position Measurement
. . . as weak measurement

Weak measurement picture

1 Hq ⊂ Hc ⊗H∗c

2 X̂i act only onHc

3 ∴ position measurement

−→ local measurement

−→ traces out “environment”,H∗c
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12/30
Coordinate Representation
The analogue of wavefunctions

Definition (Symbol & star product)

1 Position-encoding states −→ |z) := Q̂
1√

4πλ2r̂
|z⟩⟨z|

2 Coordinate rep −→ ψ(z) := (z|ψ) = ⟨z|
√
4πλ2r̂ ψ|z⟩

ψ is indep of γ

∴ function on R3

3 Symbol −→ ⟨z|ψ|z⟩

4 Voros product −→ ⋆ := exp
[←−
∂ zα
−→
∂ z̄α

]
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13/30
Wave-Mechanics
An alternative development of our formalism

Notable properties

1 Completeness −→
∫

d4z
π2
|z) ⋆̄ (z| = 1q

2 Inner product −→ (ψ|ψ) =
∫

d4z
π2

(ψ|z) ⋆̄ (z|ψ)

=

∫
d4z
π2

ψ̄(z) ⋆̄ ψ(z) <∞

3 Position measurement −→ P(D) = ψ(z) ⋆ ψ̄(z)

4 Equivalence −→ ⟨z|ψ|z⟩ fully determines |ψ)

=⇒ Alternate “wave-mechanics” development !
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Free Particle Solutions
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14/30 Non-Commutative Free Schrödinger Equation

Non-commutative free Schrödinger equation

Ĥ |ψ) = − ℏ2

2m
∆̂ |ψ) = E |ψ)

Types of solutions:

1 plane wave −→ |k) := eik·x̂ ←− typical form

2 spherical wave −→ |k, l,m) = gl(n̂− l, k) Ŷlm
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15/30 Plane wave solutions

1 plane wave −→ |k) := eik·x̂

Properties

■ Represent (all) SU(2) elements

■ Compose “nicely” −→ eik1·x̂eik2·x̂ = eik3·x̂

cos(λk3) = cos(λk1) cos(λk2)− k̂1 · k̂2 sin(λk1) sin(λk2),

sin(λk3)k̂3 = k̂1 sin(λk1) cos(λk2) + k̂2 sin(λk2) cos(λk1)− k̂1 × k̂2 sin(λk1) sin(λk2)

■ Dispersion relation −→ Ĥ |k) = 2ℏ2

mλ2
sin2

(
kλ
2

)
|k)
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16/30 Spherical wave solutions

2 spherical wave −→ |k, l,m) = gl(n̂− l, k) Ŷlm

Properties

■ Permit 2 radial solutions −→ gl = A gJ,l + B gY ,l
c.f. spherical Bessel- & Neumann

■ Asymptotically −→ gH,l(n, k) ∼
eiλ(n+l+1)k

(in)l+1

∴ ⟨z|gH,l(n̂, k)|z⟩ ∼
er(cos(λk)+i sin(λk)−1)/λ

(ir/λ)l+1
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Double-Pinhole Setup
The most famous quantum experiment

2d

L

Pinholes −→ z = ±d
Detection point −→ D = (L, yD, zD) ≡ (r, θ, ϕ)

Distances −→ L, r, r±
Wavenumbers −→ k± = k k̂±
Angles −→ α, β
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Interference Calculation
Broad strategy

Interference calculation overview

1 State at D −→ ψ ∼
{
spherical wave

from z = +d

}
+

{
spherical wave

from z = −d

}

2 Paraxial approximation −→
{
spherical wave

from z = ±d

}
∼ 1

r±
eik±·D

3 Born rule −→ P(D) = Tr
(
Π̂Dρ

)
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Interference Calculation
Overview of commutative treatment

Commutative interference calculation

1 State at D −→ ψ(D) ∼ 1

r+
eikr+ +

1

r−
eikr− ←− asymptotic form of

spherical Hankel

2 Paraxial approximation −→ 1

r±
eikr± ∼ 1

r±
eik±·D

3 Born rule −→ P(D) = |ψ(D)|2

Pcomm(D) ∼ 1

r+r−

[
2d2

r+r−
+ cos(α+ β)︸ ︷︷ ︸

bimodal shaping

function

+ cos(rk(cosα− cosβ))︸ ︷︷ ︸
interference terms

]
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Interference Calculation
Overview of non-commutative treatment

Non-commutative interference calculation

1 Symbol at D −→ ⟨z|ψ|z⟩ ∼
〈
z+

∣∣gk(n̂)∣∣z+〉 +
〈
z−

∣∣gk(n̂)∣∣z−〉

2 Paraxial approximation −→
〈
z±

∣∣gk(n̂)∣∣z±〉 ∼ ⟨z|η± eik±·x̂|z⟩

3 State −→ |ψ) ∼ η+ eik+·x̂ + η− eik−·x̂

4 Born rule −→ P(D) = Trq
(
Π̂z |ψ)(ψ|

)
5 Compute remaining matrix elements
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Interference Calculation
The main result!

P(D) ∼
η2+ + η2−

2

( r
λ
+ 1

)
︸ ︷︷ ︸

bimodal shaping

function

+ η+η−eA−r/λ︸ ︷︷ ︸
interference

suppression

× ((A+ 1) cosB− B sinB)︸ ︷︷ ︸
interference terms

where


η± := λ

r±
exp

[
1

λ (r± − r)(cos(λk)− 1)
]
,

A := r
λ

(
cos2(λk) + cos(α+ β) sin2(λk)

)
,

B := r
λ sin(λk) cos(λk)(cosα− cosβ)
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Discussion of Results
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Qualitative Behaviour
& commutative limit

increasing k
i
n
c
r
e
a
s
i
n
g
λ
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Quantum-to-Classical Transition
Is the suppression observable now?

Fuzzy space interference

P(D) ∼ · · · + η+η− exp
[ r
λ
sin2(λk)(cos(α+ β)− 1)

]
︸ ︷︷ ︸

interference suppression

( · · · )︸ ︷︷ ︸
interference

Observable suppression =⇒ exponent ∼ −4λd2mE
rℏ2

≲ −1

E ∼ 1 eV

m ∼ 10
−31

kg ←− mass of electron

λ ∼ 10
−35

m ←− Planck length

 =⇒ r ≲ 10
−21

m !

Important features
■ r dependence

■ suppression possible at low k
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Macroscopic Scaling
Extending definitions

N particles

1 Hilbert space −→ Htot

q =
N⊗

n=1

H(n)
q

2 Algebra −→
[
x̂(l)i , x̂(n)j

]
= 2iλ ϵijk δln x̂

(l)
k

3 Free Hamiltonian −→ Ĥtot

free
= − ℏ2

2m

N∑
n=1

∆̂(n)

4 Plane waves −→
∣∣∣k(i···N)

)
= exp

[
i

N∑
n=1

k(n) · x̂(n)
]

...
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Macroscopic Scaling
Center-of-mass coordinates

N particles

5 Center-of-mass frame

−→ x̂(CM) :=
1

N

N∑
n=1

x̂(n), ξ̂(n) := x̂(n) − x̂(CM)

ktot :=
N∑

n=1

k(n), q(n) := k(n) − 1

N
ktot

...
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Macroscopic Scaling
Center-of-mass dynamics

N particles

6 Split Hamiltonian
⋆ −→ Ĥtot

+Ĥtot

free
Ĥtot

interaction

= 0

+ĤCoM Ĥinternal

q(n) = 0

=⇒ CoM dynamics ←→ 1 particle:


mass Nm

momentum ktot

NC param λ/N



7 Neglect corrections −→ expand in λ and T ∼ ℏ2(q(n))2

mkB
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6 Split Hamiltonian
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+Ĥtot
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Ĥtot

interaction

= 0

+ĤCoM Ĥinternal

q(n) = 0

=⇒ CoM dynamics ←→ 1 particle:
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momentum ktot
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Quantum-to-Classical Transition
Is the suppression observable now?

Fuzzy space interference

P(D) ∼ · · · + η+η− exp

[
Nr
λ

sin2(λktot/N)(cos(α+ β)− 1)

]
︸ ︷︷ ︸

interference suppression

( · · · )︸ ︷︷ ︸
interference

Observable suppression =⇒ N
4λd2m ⟨E⟩

rℏ2
≳ 1

⟨E⟩ ∼ 1 eV

m ∼ 10
−31

kg ←− mass of electron

λ ∼ 10
−35

m ←− Planck length

N ∼ 10
23 ←− Avogadro’s number

 =⇒ r ≲ 100m
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28/30
Experimental Prospects
How might we observe suppression practically?

Challenges
1 Create & manipulate massive quantum superposition

2 Isolate from true environment

Possible experiments

1 Guide BEC through Mach-Zehnder interferometer

van Es et al. (2008) −→ split propagating 10
4

-atom
87Rb BEC

Fried et al. (1998) −→ create 10
9

-atom H BEC

2 Levitate & interfere nanoparticle

Tebbenjohanns et al. (2021) −→ control optically-levitated

femtogram nanoparticle

3 Macroscopic optomechanical superposition ?
Kleckner et al. (2008) −→ describe entangling photon with

macroscopic cantilever
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29/30 Summary

Key takeaways
■ Fuzzy space −→ classical transition without heat bath

■ Quantum suppression −→ realistically observable

■ Suppression strength −→ extensive & distance-dependent
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30/30 Future Work Proposals

1 Alternate setups:

Treat fuzzy-space von Neumann measurement

2 Formalism extensions:

Extend to non-commutative QFT

3 Experimental verification:

Implement proposed experiment

Devise alternate experiment
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Trinchero, D., & Scholtz, F. G. (2023, March).
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Annals of Physics, 450, 169224.
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